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On the classification of simple amenable C*-algebras with finite 

decomposition rank, II 

George A. Elliott, Guitiua Gong, Huaxin Lin, and Zhuang Niu 


Abstract 

We prove that every unital simple separable C*-algebra A with finite decomposition rank 
which satisfies the UCT has the property that A Q has generalized tracial rank at most 
one, where Q is the universal UHF-algebra. Consequently, A is classifiable in the sense of 
Elliott. 


1 Introduction 

In a recent development in the Elliott program, the program of classification of amenable C*- 
algebras, a certain class of finite unital simple separable amenable C*-algebras, denoted by A/i, 
was shown to be classihed by the Elliott invariant m)- One important feature of this class 
of C*-algebras is that it exhausts all possible values of the Elliott invariant for unital simple 
separable C*-algebras which have finite decomposition rank (a property introduced in m ; see 
Definition 12.101 below). 

The purpose of this note is to show that, in fact, every unital simple separable (non¬ 
elementary) C*-algebra which has hnite decomposition rank and satisfies the Universal Co¬ 
efficient Theorem (UCT) is in the class Ai. Since every C*-algebra in Ai was shown in [T3] 
to be isomorphic to the inductive limit of a sequence of subhomogeneous C*-algebras with no 
dimension growth, the C*-algebras in Ai have finite decomposition rank. In other words, the 
class Ai is precisely the class of all unital simple separable (non-elementary) C*-algebras which 
have hnite decomposition rank and satisfy the UCT, and hence we obtain a classihcation for all 
of these C*-algebras: 

Theorem 1.1. Let A be a unital simple separable (non-elementary) C*-algebra with finite de¬ 
composition rank, and assume that A satisfies the UCT. Then A S Ai. (See Definition IU.dl 
below.) Hence, if A and B are two (non-elementary) unital simple separable C*-algebras with 
finite decomposition rank which satisfy the UCT, then A = B if, and only if, 

(Ko(A), Ko(A)+, [U]o, Ki(A), T(A), r^) ^ (Ko(S), Ko(i?)+, [1b]o, Kgi?), T{B), re). 

In fact, we shall obtain (see Theorem 14.41 below) the formally stronger result that every 
hnite unital simple separable (non-elementary) C*-algebra with hnite nuclear dimension, which 
satishes the UCT, and whose tracial states are all quasidiagonal, is in the class Ai. This result, 
combined with the recent result of [29] (that the quasidiagonality hypothesis is redundant), 
yields that the class Mi includes all hnite unital simple separable C*-algebras with hnite nuclear 
dimension which satisfy the UCT—see 14.91 below. (The case of inhnite unital simple separable 
C*-algebras with hnite nuclear dimension was dealt with hfteen years ago by Kirchberg and 
Phillips—see 14.101 below.) 

In a recent paper, HI], Elliott and Niu proved that every unital simple separable (non- 
elementary) C*-algebra A with hnite decomposition rank, satisfying the UCT, and such that 
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Ko(^) has torsion free rank one, belongs to Mi. The present paper is a continuation of [11] with, 
now, a definitive result. 
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2 Preliminaries 

Definition 2.1. As usual, let Q denote the field of rational numbers. Let us use the notation 
Q for the UHE-algebra with Ko(<5) = Q and [Ig] = 1. 

Definition 2.2 (N. Brown [3]). Let A be a unital C*-algebra. Denote by T(A) the tracial state 
space of A, and denote by Tqd(A) the tracial states r with the following property: Eor any finite 
subset T and e > 0, there exists a unital completely positive map ip : A ^ Q such that 

|r(a) — tr((/?(a))| < e, a € T, 

and 

\\ip{a)ip{b) - ip{ab)\\ < e, a, b ^ 
where tr is the unique tracial state of Q. 

Definition 2.3. Let Fi and F 2 be two hnite dimensional C*-algebras and let i/joMi ■ Fi ^ F 2 
be two unital homomorphisms. Consider the corresponding mapping torus, 

C = C(Fi,F 2 ,V'o,V'i) = {(/,a) G C([0, 1 ],F 2 )©Fi : /(O) = V’o(a) and /(I) = 

Denote by C the class of unital C*-algebras obtained in this way. C*-algebras in the class C 
are often called Elliott-Thomsen building blocks. They are also called one-dimensional non- 
commutative CW complexes. 

Denote by Cq the subclass of C consisting of those C*-algebras C G C such that Ki(C') = {0}. 
We shall in fact only work with the Q-stabilizations of these algebras, which can be described 
just by replacing Fi and F 2 with finite direct sums of copies of Q. 

Definition 2.4 (9.1 of [H]). Let A be a unital simple C*-algebra. We shall say that A has 
generalized tracial rank at most one, if the following property holds: 

Let e > 0, let a G A+\{0} and let T” C A be a finite subset. There exist a non-zero projection 
p G A and a sub-C*-algebra C G C with Ic = p such that 

\\xp — px\\ < e, X G F, 

dist{pxp,C) < X G F, and 

The last condition means that there exists a partial isometry v G A such that v*v = 1 — p and 
vv* G aAa. If A has generalized tracial rank at most one, we will write gTR(A) < 1. It was 
shown in m that if gTR(A) < 1, then A is quasidiagonal, and is .E-stable if it is also amenable. 
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Definition 2.5. Let A and B be unital C*-algebras and let L : A ^ B he a contractive 
completely positive map. Let ^ be a finite subset of A and <5 > 0. Recall that L is said to 
be C?-(5-multiplicative if \\L{x)L{y) — L{xy)\\ < 5 for all x,y G Q. Given a finite subset V of 
projections in A, if Q is sufficiently large and 5 is sufficiently small, then there is a projection 
q (z B such that ||L(p) — (^ll < 1/4. Moreover, for each projection p G G, if <5 < 1/4, then the 
projection q can be chosen such that 


\\L{p)-q\\<2d. (2.1) 

Note that if q' G B is another projection such that \\L{p) — (/'H < 1/4, then p and q are unitarily 
equivalent. Recall that [L{p)] often denotes this equivalence class of projections (see e.g. [2Q]). 
As usual, when [L{p)] is written, it is understood that Q is sufficiently large and 5 is sufficiently 
small that [L{p)] is well defined. 

Definition 2.6 f|14jL Let A be a unital simple separable C*-algebra. Let us say that A has 
rational generalized tracial rank at most one if gTR(A ® Q) < 1. 

Let us say that, in addition, A belongs to the class A/i if it satisfies the UCT ([28]), and is 
Jiang-Su stable, i.e., invariant under tensoring with the Jiang-Su C*-algebra (ini; see also M)- 
As pointed out above, it follows from [Tl| (together with |3l]) that, instead of the last property, 
it is equivalent to assume finite decomposition rank (or even just finite nuclear dimension); see 
Definition 12.101 below. (This fact is of interest in itself, and is also pertinent in the present 
context, as it enables the statement of Theorem 1.1—and indeed our proof of it consisting of 
a reduction to m —to be read without reference to the somewhat technical definition of the 
Jiang-Su algebra.) (Of course, it is an interesting question whether the assumption of finite 
decomposition rank in Theorem 1.1 might, a la Toms-Winter (see m), be replaced by Jiang-Su 
stability, together with Murray-von Neumann finiteness.) 

The following are the main results of M- 

Theorem 2.7. Let A and B be two unital C*-algebras in A//. Then A = B if and only if 
Ell(A) = Ell(iJ), i.e., A = Bif and only if 

(Ko(A), Ko(A)+, [U]o, Ki(A), T(A), ta) = (Ko(R), Ko(R)+, [1b]o, Ki(R), T(R), tb). 

Moreover, any isomorphism between Ell(A) and Ell(i?) can be lifted to an isomorphism between 
A and B. 

Theorem 2.8. For any non-zero countable weakly unperforated simple ordered group Gq with 
order unit u, any countable abelian group Gi, any non-empty metrizable Choquet simplex T, 
and any surjective affine map r :T ^ S„(Go) /S„(Go) is the state space of Gq— always non¬ 
empty), there exists a (unique) unital simple C*-algebra C in Mi, which is the inductive limit 
of a sequence of subhomogeneous C*-algebras with two-dimensional spectrum, such that 

Ell(G) = (Go,(Go)+,u,Gi,r,r). 

Definition 2.9. Let A and B be C*-algebras. Recall (|19]) that a completely positive map 
<y9 : A —>■ R is said to have order zero if 

oft = 0 => (f{a)(p{b)=0, a,b G A. 

Definition 2.10 (|19]. |33j ). A C*-algebra A has nuclear dimension at most n, if there exists 
a net A G A, such that the F\ are finite dimensional C*-algebras, and such that 

'((x ■. A ^ Fx and ipx '■ Fx ^ A are completely positive maps satisfying 
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(1) (^A o V’A idA pointwise (in norm), 

(2) II'^aII < 1, and 

(3) for each A, there is a decomposition F\ = ©• • • ©F^”^ such that each restriction tpxlj^u) 

is a contractive order zero map. 

Moreover, if the the map (p\ can be chosen to be contractive itself, then A is said to have 
decomposition rank at most n. 

(Recall that finite nuclear dimension immediately implies nuclearity, which by [6] and [16] is 
equivalent to amenability.) 

The main theorem of this paper is that the class J\fi of C*-algebras actually contains (and 
hence coincides with) the class of all (non-elementary) unital simple separable C*-algebras with 
finite decomposition rank which also satisfy the UCT. In particular it follows (on using both 
O and l2.8p that every such C*-algebra is the inductive limit of a sequence of subhomogeneous 
C*-algebras (with no dimension growth). 

3 Some existence theorems 

Lemma 3.1. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying 
the UCT. Assume that A = A'S) Q- 

Let a finite subset Q of A and ei,e 2 > 0 be given. Let pi,P 2 , ■■■,Ps & A be projections such 
that [1], [pi], \p 2 ], [Ps] & Ko(^) are Q-linearly independent. (Recall that Ko(A) = Ko(A©Q) = 
Ko(^) ®Q.) There are a Q-ei-multiplicative completely positive map a : A ^ Q with (t(1) a 
projection satisfying 

tr(cj(l)) < €2 

(where tr denotes the unique trace state on Q), and 5 > 0, such that, for any ri,r 2 ,...,rs € Q 
with 

\ri\ <6, i = 1,2, ...,s, 

there is a Q-ei-multiplicative completely positive map p : A ^ Q, with p{l) = ct(1), such that 

WiPi)] - [p{Pi)] = U, i = l,2,...,s. 

Proof. Let us agree that a and p (to be constructed below) are also understood to be required 
to be sufficiently multiplicative on pi,p 2 , ...,Pk that the classes [o'(pi)] and [p{pi)] make sense 
(see [23] above). (Similarly for other completely positive approximately multiplicative maps, to 
be introduced below.) 

Denote by Go the subgroup of Ko(^) generated by {[1a], \pi], ■■■, [Ps]}- Since [1a], [pi], ■•., \ps] 
are Q-linearly independent, for each i = l,2,...,s, there exists a homomorphism : Ko(^) —>■ 
Q = Ko(Q) such that 

afilpi]) = 1, Q;i([lA]) = 0, and afilpj]) = 0, j / i. (3.1) 

We may regard Oj as an element of ¥Aj{A,Q) (see |8]). Since M is a unital simple amenable 
quasidiagonal C*-algebra, by [2|, A is a unital simple strong NF-algebra. It follows from |2| 
that A = (J^i where {An} is an increasing sequence of unital, amenable, residually finite¬ 
dimensional C*-algebras. It follows from Theorem 5.9 of |20j that there are ^-ei-multiplicative 
completely positive maps ai, pi : A^ Q ®K, such that ©(1 a) and ©(1 a) are projections, and 

\^i \ I Go [pi] I Go Igo ? ^ 1,2,...,S. (^*2) 
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Since aj([lyi]) = 0, we have = [/^^(Ia)]- Therefore, without loss of generality, we may 

assume that 

(Ti(lA) =/ii(lA) =:-Pj, i = l,2, 

Consider the projection 

S 

P:=^{P^®P^), 

i=l 

and the unital ^-ei-multiplicative completely positive map 

5 

© Hi) : A —> P{Q © IC)P. 

i=l 


Note that P(Q © /C)P = Q. Choose a projection i? G Q © /C with 0 < tr(i?)< min{l, € 2 } and a 
rescaling 

5:g©/C^Q©/C, P^R. 


Consider the map 

5 

a := S o (^(cTj © Hi)) '■ A^ 
i=l 


and the strictly positive number 


<5 := 


tr(ii) 

tr(P) 


(Here, tr denotes the tensor product of the traces on Q and 1C, normalized in the usual way.) 
Note that since tr(ii)<l, one has 


tr(iT(l)) = tr(P)<l, 

and so we may regard a as a map from H to Q (rather than Q ® 1C). 

Let us show that a and 5 satisfy the condition of the lemma. 

Let ri, r 2 ,..., Ts G Q be given with 

\ri\<6, i = l,2,...,s. 

For each i = 1,2, ...,s, choose a projection Ri ^ Q ® 1C with tr(i?j) = |rj|, and choose a 
rescaling 

Si 1 g © XI —g © XI, 1 © e I—^ Ri, 

where e is a minimal non-zero projection of 1C. For each z = 1, 2,..., s, consider the pair of maps 


Sioai, Si o Hi : A ^ Q 1C. 


Then, for each z = 1, 2, ..., s, 

[5i o ai{pi)] - [5j o HiiPi)] = \ri\, 

[5i o f7i(l)] - [Si o Hiil)] = 0, 

[Si o ai{pj)] - [5i o Hi{Pj)] =0, j = 1, 2,..., s, j / z. 
Consider the direct sum maps 

^ •= ° ©) © Si o Hi) 

ri>0 ri<0 
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and 


/i := Si o fii) ® Si o ai). 

ri>0 ri<0 

It follows from (j3.1l) and (j3.2p that 

[^{Pi)] - IKPi)] = n, i = l,2,...,s. 

Note that 

S S 

a = S o (^(cTj © fii)) = ^((S o ai) © (5 o /ij)). (3.3) 

i=l i=l 

For each i = 1,2,s, since 

tr(5j(P)) = tr(P) • tr(S'j(l © e)) = tr(P) • tr(i?j) = tr(P)|rj| < tr(P)(I = tr(P) = ^(^(P)), 
there is a rescaling Ti : Q ® K, ^ Q ® K, such that 


S = S^®T,. 


Therefore, by (I3.3h . 

S 

^ = ^(((<5* ©Tj) ofji) © ((S'i ©Tj) o/Tj)) 

i=l 

s s 

= 0((5’i o ©) © {Ti o ai)) © ©((s. o fii) © {Ti o ^i)) 

i=l i=\ 

= (0(('S'i o©) © {Tioai))) © (0((5'i oo-j) © {Tioai))) 

ri>0 ri<0 

©(0(('S'i O fii) © {Ti O fii))) © (0((5'i O fii) © {Ti O fii))) 
ri<0 ri>0 

= d © 7, 


where 

7 = (0(^* o©)) © (0(('S'i ofjj) © {Tioai))) © (0(Ti o/Tj)) © (0((S'i o ^i) © (T* o ^i))). 

ri>0 ri<Q ri<0 ri>0 

Consider the completely positive map 


H := jKB'f. 


We have 

WiPi)] - [p{Pi)] = [^{Pi)] - [p{Pi)] =n, i = 1, 2,s, 
as desired (with fi being regarded as a map from A to Q, as /i(l) = <7(1)). 


□ 


Remark 3.2. The assumption that A is amenable in 13.11 can be removed. In the proof one can 
apply Theorem 5.5 of [7] in place of Theorem 5.9 of [2Uj . 


Let l,r = 1,2,... be given. In the rest of the paper, we identify Ko(Q^) with (and 
Kq{Q^) with Q^) by identifying [Igi] with (1,1,...,!) and ([Iq'-] with (1,1,...,!)), where Q’' = 




© Q and = Q i 


Q. If ijj : ^ are unital, then 
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and therefore 


(3.4) 


t £ Q. 

I r 

Lemma 3.3. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying 
the UCT. Assume that A = A ^ Q. 

Let Q be a finite subset of A, let €1,62 > 0, and let pi,p 2 , ■■■■,Pk £ A be projections such 
that [lyi], [pi], [P2], [Ps] G Ko(A) are Q-linearly independent. There exists 6 > 0 satisfying the 
following condition. 

Let ifk '■ ^ k = 0,1, be unital homomorphisms, where l,r = 1,2,... . Set 

D = {x G = (V'i)*o(3:)} C 

There exists a Q-ei-multiplicative completely positive map S : A —)> Q\ such that S(l^) is a 
projection, with the following properties: 

r(S(U))<e2, tGT(Q'), 

[E(1a)], [S(pj)]gB, j = l,2,...,s, 
and, for any ri,r 2 , ...,rs £ satisfying 


Kjl < b, 

where ri = {ri^i,ri^ 2 , i = l)2,...,s, there is a Q-ei-multiplicative completely positive map 

fj, : A ^ , with /^(Ia) a projection, such that 

[V’o o S(pi)] - luipi)] =ri, i = 1, 2,..., s, 

and 

[p(1a)] = [V'ooS(Ia)]. 

Proof. Put po = 1 a and V = {[1a], [pi],..., [ps]}. Applying Lemma l3.ll we obtain a 
multiplicative a : A ^ Q and (5 > 0 satisfying the conclusion of Lemma 13.11 with respect to 
g, ei, €2, and V. 

Let us show that 6 is as desired. 

For a given integer I = 1,2,..., consider the map S : A —>■ the sum of I copies of a, 

S = (T©(T©---©lT. 

Let us show that S has the required properties. Let r = 1, 2, ... and fik ■ ^ Q^, k = 0,1, be 

given (as in the statement of the condition on <5 to be verified). Since fio and 'fii are assumed to 
be unital, [Iq^-] = (1,1,..., 1) £ B. It then follows that 

[E(pi)] = {[a{pi)],[a{pi)],...,[a{pi)]) = [cr(pi)](l, 1,..., 1) G B, i = 0,1,2,..., s, 

where [(T{pi)] is regarded as a rational number. In other words, 

[V’o o S(pi)] = [fii o S(pi)], i = 0,1, 2,..., s. 

Since tr([(T(lA)]) < £2, one has 

r([E(lA)]) <62, T G T(Q'). 
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Let ri,r 2 , ■■■,rs G be given such that |rjj| < 5, j = 1,2, ...,r and i = 1,2, Let us 
show that // exists as required. 

Fix j = 1, 2,..., r and let fij : A ^ Q (in place of n) denote the ^-ei-multiplicative completely 
positive map given by Lemma [3d] for the s-tuple rij,r2j, ...,rs,j- That is, /rj(lyi) = ct^Ia), 

WiPi)] - [PjiPi)] = n,j € Ko((5), i = l,2,...,s, (3.5) 


and 


Define ^ : A ^ hy 


iv{^j{lA))= tr(cr(lA)) < 62 . 


//(a) = (/ii(o), /i2(a), Pr{a)), a € A. 

' -V.-' 

r 


Then, for each i = 1,2,..., s, 


[V'o o ^{Pi)] - IKPi)] 


(V’o)*o(k(Pi)], W{Pi)], k(pi)]) - {[pi{Pi)], [P2{pi)], [Pr{Pi)]) 

' -V-' '-V-' 

I r 

([cr(pi)], [a{pi )],..., [a{pi)]) - {[pi{pi)], [P 2 {pi)], [Pr{Pi)]) (by ([331)) 

'-V-' '-V-' 

mp^)] - [Mp^)]), {W{p^)] - [p2{p^)]l l[a{p^)] - [MP^)])) 
{rip,ri^ 2 ,-,ri^r) = ri, (by ([33])) 


as desired. A similar computation shows that [i/jo o S(1^)] = [/i(l^)]. □ 

Lemma 3.4. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying 
the UCT. Assume that A = A^ Q. 

Let G C A be a finite subset, let 61,62 > 0 and let pi,p 2 , ...,Ps G A be projections such that 
[lyl], [pi], [p2]j \Ps] G Ko(^) Q-linearly independent. Then there exists 5 > 0 satisfying the 
following condition. 

Let fik : ^ Q'', k = Q,1, he unital homomorphisms, where l,r = 1,2,.... Set 

D = {x G Q' : {fio)*o{x) = (V'i)*o(a;)} C Q'. 

There exists a G-ci-multiplicative completely positive map S : A —)■ Q\ such that S(l^) is a 
projection, with the following properties: 

r(S(U))< 62 , rGT(Q'), 


[S(U)], [S(pi)]GB, 


and, for any ri,r2, ...,rs G satisfying 


i = 1,2,...,s. 


\ri,j\ < S, 

where ri = (r^q,ri^2j i = 1,2,..., s, there is a G-ci-multiplicative completely positive map 

p. : A ^ Q\ with p{1a) = 51(1^), such that 


i = 1,2,..., s. 


[^{Pi)] - ihiPi)] = n, 









Proof. This is similar to the proof of Lemma (3^ Put [po] = [lyl] and V = {[po]) [pi]) •••) [Ps]}- 
Applying Lemma 13.11 we obtain a ^-ei-multiplicative a : A ^ Q and 5 > 0 satisfying the 
conclusion of Lemma 13.II with respect to (^,€ 1 , 62 ). 

Let us show that 6 is as desired. 

Consider the map S : A —>• Q*, the sum of I copies of a, 

i; = CJ©cr©---©cr, 

for a given I = 1, 2,... . Then the same argument as that of Lemma l3 .1 1 shows that 

[S(pj)] G D, z = 0,1,2,...,s. 

It is also clear that 

T(S(U))<e 2 , rGT(Q^ 

Let ri, r 2 ,..., ta, G be given such that \rij\ < 6, j = 1, 2, ...,l and i = 1, 2,..., s. Let us show 
that p exists as required. 

Fix j = 1, 2,..., r and let fij : A ^ Q (in place of p) denote the ^-ei-multiplicative completely 
positive map given by Lemma I tT] for the s-tuple rij,r 2 j, ...,rsj. That is, = (^(Ia), and 

[cripi)]-[nj{pi)]=rij eKoiQ), i = l,2,...,s. (3.6) 


Of course, also. 

Define p : A —^ by 


tr(pj(lyi))= tr(cr(lA)) < 62. 


p(a) = (pi(o), p 2 (a),..., Pr-(a)), a G A. 

•J 

I 


Then, for each z = 1,2,..., s, 


P(pi)] - [p(pi)] 


([f7(pi)], [o-(pi)], ..., [(7{pi)]) - ([pi(pi)], [p2(Pi)], •••, [Pr(Pi)]) 

'-V-' '-,/-' 

I I 

((k(Pi)] - [Pl(Pi)]), iWiPi)] - [P2{Pi)]), iWiPi)] - [Pr(Pi)])) 
{ri,i,ri^ 2 ,-,ri^l) = ri (by dM])), 


as desired. Moreover, since Pj(1a) = <7(lyi), we have S(l^) = p(1a)- 


□ 


4 The main result 

Let us begin by recalling the (stable) uniqueness result used in [TT] : 

Lemma 4.1 (Corollary 2.6 of [11]; see also Lemma 4.14 of [HI, and Definition 5.6 and Theorem 
5.9 of [ 21 ]). Let A be a simple, unital, amenable, separable C*-algebra which satisfies the UCT. 
Assume that A = A © Q. 

For any e > 0, any finite subset T of A, there exist 6 > 0, a finite subset Q C A, a finite 
subset V of projections in A, and an integer n G N with the following property. 

For any three completely positive contractions : A ^ Q which are Q-6-multiplicative, 

with (p(l) = = 1q — .^(1) a projection, [<p(p)]o = [V’(p)]o Ko((5) for all p € V, and 

tr((p(l)) = tr(z/;(l)) < 1/re, where tr is the unique tracial state of Q, there exists a unitary u £ Q 
such that 

\\u*{ip{a) © ^(a))re — fi{a) © f,{a)\\ < e, a £ T. 
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The following two existence results are related to Lemma 16.9 of [13] (and its proof). 


Lemma 4.2. Let A be a unital simple separable amenable C*-algebra which satisfies the UCT. 
Assume that A ^ Q = A. 

For any e > 0 and any finite subset T of A, there exist 6 > 0, a finite subset Q of A, and a 
finite subset V of projections in A with the following property. 

Let : A^ Q be two unital G-5-multiplicative completely positive maps such that 

bP]\p = Mb- 

Then there is a unitary u € Q and a unital F-e-multiplicative completely positive map L : A ^ 
C([0,1],(5) such that 

ttq o L = and tti o L = Adu o (p. (4.1) 

Moreover, if 

\tr o fi^h) — tx o tp[h)\ < e'/2, h^TL, (4.2) 

for a finite setTL d A and e' > 0, then L may be chosen such that 

\tT o TTt o L{h) — tr o ttq o L{h)\ < e', h ^ TL, t ^ [0,1]. (4.3) 

Here, nt : C([0,1], Q) Q is the point evaluation at t ^ [0,1]. 

Proof. This is a direct application of the stable uniqueness theorem (Corollary 2.6) of |11] . 
restated as Lemma ST] above. Let F d A he a. finite subset and let e > 0 be given. We may 
assume that 1a ^ F and every element of F has norm at most one. Write Fi = {ab : a,b ^ F}. 
Note that F dF\. 

Let b, G, V, and n be as assured by Lemma ST] for Fi and e/4. We may also assume that 
F d G and <5 < e/4. 

Since Q = Q ® Q, we may assume, without loss of generality, that ip{a),fi{a) G Q (8> 1. Pick 
mutually equivalent projections cq, ei, 62 ,..., Cn & Q satisfying Y17=o ~ ^Q- Then, consider the 

maps •. A ^ Q ® eiQci, i = 0,1, ..., n, which are defined by 

ipi{a) = (p{a) (S> Ci and fifia) = fi{a) ® Cj, a ^ A, 


and consider the maps 


:= 99 = <y9o © <^1 © • • • © 4>0 := V’ = bo © bl ffi • • • © V’n 

and 

4'i := 930 © • • • © Ti-i © bi © • • • © bn, * = 1, 2,..., n. 

Since is unitarily equivalent to eo for all i, one has 


M]b = [bj]b, o<i,j<n. 

and in particular, 

[ipi\\p = [fiiW'P, i = 0,l,..,n. 


Note that, for each f = 0,1,..., n, 

~ bi © (¥^o © ¥^1 © • • • © Ti-i © bi+i © bi+2 
4>i+i ~ yjj © (y^o © © • • • © Ti-1 © b*+i © bi+2 


© bn), 
© bn). 


(4.4) 
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where ~ denotes the relation of unitary equivalence. In view of this, and (|4.4I) . applying Lemma 
lO we obtain unitaries Ui £ Q, i = 0, 1,n, such that 

||l'i+i(a) - l>i(a)|| < e/4, a £ Ti, (4.5) 


where 


<I>o := <I>o = V’ and := Aduj o • • • o Ad tti o Ad uq o i = 0,l,...,n. 

Put ti = i/{n + 1), i = 0,1,..., n + 1, and dehne L ■. A ^ C([0,1], Q) by 

TTi oL = (n + l)(L+i - t)^i + (n + l)(t - t £ [ti,ti+i], * = 0,1, ...,n. 

By construction, 

ttq o L = <I>o = V’ and tti o L = = Ad o • • • o Ad ui o Ad uq o cp. (4.6) 

Since $*, i = 0,1,...,n, are ^-(5-multiplicative (in particular J'-e/4-multiplicative), it follows 
from (|4.5I) that L is J^-e-multiplicative. By (|4.6p . L satishes (14.11) with u = Un - ■ ■ uiUq. 

Moreover, if there is a hnite set % such that (14.2p holds, it is then also straightforward to 
verify that L satishes ()4.3I) . as desired. □ 

Lemma 4.3. Let A be a unital simple separable amenable C*-algebra with T(A) = Tqd(A) which 
satisfies the UCT. Assume that A ^ Q = A. 

For any cr > 0, e > 0, and any finite subset F of A, there exist a finite set of projections V 
in A and 6 > 0 with the following property. 

Denote by G £j Ko(A) the subgroup generated by V U {1 a}■ Let k : G ^ KoPC) be a positive 

homomorphism with k([ 1^]) = [Ic], where G = C([0,1],(5); f^nd let A : TpC) ^ T(A) be a 

continuous affine map such that 

k(K([p]) - •^(7')(P)I < P£V,t£T{G). (4.7) 

(In particular, this entails that T(A) 0.) Then there is a unital F-e-multiplicative completely 
positive map L : A ^ G such that 

|t o L(a) — A(r)(a)| < (T, a£F, r G T(C'). (4.8) 

Proof. Let e, a and F be given. We may assume that every element of F has norm at most one. 

Let (5i (in place of 6 ), Q, and P be as assured by Lemma for F and e. We may assume 
that F VJV <£ Q. 

Adjoining 1a to V, write V = {1 a,Pi,P 2) ■■■,Ps}- Deleting one or more of pi,P 2 , ■■■,Ps (but 
not 1 a), we may assume that the set {[1 a], [pi], b*]} Q-linearly independent. 

Let 82 > 0 (in place of 5) be as assured by Lemma 13.11 for ei = 5i, €2 = O'/A, Q, and 
{pi,P 2 , ■■■,Ps}- 

Put 6 = min{5i,52/8,1/4}, and let us show that V and 6 are as desired. 

Let K and A be given satisfying (14.71) . 

Let A* : Aff(T(A)) ^ Aff(T(C)) be dehned by A*(/)(t) = /(A(r)) for all / € Aff(T(A)) and 
r G T(C'). Identify (9e(T(C')) with [0,1], and put 77 = min{5 ,(t/ 12}. Choose a partition 

0 = to < < ^2 < • • • < tn-l <tn = 1 

of the interval [0,1] such that 

b*(5)(ij) - A*(5)(ti-i)| < h, 5 € = 1,2, ...,n. (4.9) 
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Since T(^) = Tqd(^), there are unital C?-(5-multiplicative completely positive maps 'hj : ^ 

Q, j = 0,1,2, n, such that 

\tr o'^j{g) - X^{g){tj)\ < r], g^Q. (4.10) 

It then follows from (12.ip . ()4.10p . and (14.7p that, for each i = 1, 2,..., s and each j = 1,2,..., n, 

|tr([4'j(pj)]) - tr([4'o(Pi)])l < 45 + 2r/+ |A*(pi)(tj) - A*(Pi)(to)| 

< Ad + 2g + 2d+ |tr o vr*^.(At([pj])) - tr o 7ro(K([pi])| 

= 2r/ + 6(5 < 8(5 < (52. (4.11) 

(Here, as before, vr^ is the point evaluation at t € [0,1].) We also have, by (j4.9p and (jd.lOp . that 
|ti’(^i( 5 ))-tr(4'j+i(5r))| < 3r?, g e G, j = 1,2, (4.12) 

Consider the differences 


rij := tr([4'j(pi)]) - tr([4'o(pi)]), z = l,2, ...,s, j = l,2,...,n. (4.13) 

By (14.lip . Vij < (52. Applying Lemma IXTl we obtain a projection e £ Q with tr(e) < a/A and 
^-5i-multiplicative unital completely positive maps '4’0,'Gj ■ A —>■ eQe, j = 1, 2,..., n, such that 

['^o{Pi)]-[4’jiPi)]=rij, i = l,2,...,s, j = l,2,...,n. (4.14) 

Consider the direct sum maps 

:= ijjj © 'hj : A ->• (1 © e)M 2 {Q){l © e), j = 0,1, 2, ...,n. 

Since (5 < (5i, these are ^-(5i-multiplicative. By (I4.13P and p4.14p . 

[4>'(pi)] = [4>o(pi)], i = l,2,...,s, j = l,2,...,n. (4.15) 

Define s : Q —)■ Q by s{x) = x/{l + tr(e)), x G Q. Choose a (unital) isomorphism 

S’ : (1 © e)M.2{Q)il © e) —> Q 


such that S*o = s. 

Consider the composed maps, still t/-(5i-multiplicative, and now unital. 


<I>j := S o <!>'■ : A —> <5, j = 0,1, 2,..., n. 


By 615]), 


[^j]\v = [^j-i]\v^ i = l>2, ...,n, 


and by (|4.12l) and the fact that tr(e) < a/A, 


|tr o <I>j(a) — tr o (hj_i(a)| < 3r/+ (t/4 < (t/2, a £ T, j = 1,2, (4.16) 

It follows by Lemmaapplied successively for j = 1, 2 ,..., n (to the pairs ($ 0 ) ‘^i)) (Aduio 
$ 1 , Adui o $ 2 )) (Adun-i o • • • o Adui o $„_i, Adun-i o • • • o Adui o $„)); that there are, 
for each j, a unitary Uj £ Q and a unital J^-e-multiplicative completely positive map Lj : A ^ 
C{[tj-i,tj],Q) such that 


ttq o Li = $0) TTtj o Li = Ad ui o $ 1 , 


(4.17) 
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and 


Lj ='Ktj_^o Lj_i, TTt^ o Lj = Kduj O ■ ■ ■ o kduio^j, j = 2,3,...,n. (4.18) 

Furthermore, in view of ()4.16p . we may choose the maps Lj such that 

|tr o TTt o Lj(a) — A(tr o 7rt)(a)| < (7, t ^ [tj-i,tj], a ^ T, j = 1,2, (4.19) 

Define L : A ^ C([0,1],(5) by 

TTto L = TTto Lj, t G [tj_i,tj], j = l,2,...,n. 

Since Lj, j = 1,2, ...,n, are J^-e-multiplicative (use (j4.17p and (I4.18p l. we have that L is a unital 
J'-e-multiplicative completely positive map A —>■ C([0,1], Q). (Note that the construction of the 
map L is different from—is based on—the construction of the map L in the proof of Lemma 
14.21 1 It follows from ()4.19p that L satisfies (14.8p . as desired. □ 

Theorem 4.4. Let A be a unital simple separable C*-algebra with finite nuclear dimension. 
Assume that T(^) = Tqd(^) 0 and that A satisfies the UCT. Then gTR(^ig)(5) < 1, and so, 
(if A is not elementary), A G A/i. 

Proof. Since A is simple, the assumption T(T) = Tqd(A) 0 immediately implies that A is 
both stably finite and quasidiagonal. We may assume that A® Q = A. With this assumption, 
by m, A has stable rank one. 

By m (see also Corollary 13.47 of [E]), together with the assumption A = A 0 Q, there 
is a unital simple C*-algebra C = lim„^oo(C,i, ^„), where each Cn is the tensor product of a 
C*-algebra in Cq with Q and in is injective, such that 

(Ko(T),Ko(7l)+, [U]o,T(T),r^) - (Ko(C), Ko(C')+, [lc]o, T(C), rc). 

Choose an isomorphism F as above, and write FAff for the corresponding map from Aff(T(T)) 
to Aff(T(C)). 

Let a finite subset J- oi A and e > 0 be given. 

Let the hnite set V of projections in A, the finite subset Q of A, and <5 > 0 be as assured by 
Lemmafor T and e. We may assume that 1a S P- Write V = {1a,Pi,P2, Deleting 

some elements (but not 1 a), we may assume that the set 

{[1a], [pi], \P2], ..., [Ps]} C Ko(A) 


is Q-linearly independent. 

We may also assume, without loss of generality, that F UV <Z Q, 5 < e, and every element 
of Q has norm at most one. 

Let cj > 0. Let cfi > 0 (in place of (f) be as assured by Lemma [3l3] for Q, 6 (in place of ei), 
and cr/64 (in place of 62). We may assume that (5i < 85. 

Let 53 > 0 (in place of 6) be as assured by Lemma [3.41 for Q, 61/8 (in place of ei) and 
min{5i/32, cr/256} (in place of € 2 ). 

Let Vi (in place of V) and ^2 > 0 (in place of 5) be as assured by Lemma HE for 5i/8 (in 
place of e), min{5i/32, cr/256} (in place of a), and Q (in place of F). Replacing V and Vi by 
their union, we may assume that V = Vi. 

By Lemma 2.7 of m, there is a unital positive linear map 

7 : Aff(T(A)) ^ Aff(T(aj) 
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for some ni > 1 such that 

||(^nl,oo)Aff0 7(/)-^Afr(/)|| <mm{77u/128,,52,<53/2}, feTUV. (4.20) 

We may assume, without loss of generality, that there are projections Pi,P 2 , ^ C'ni 
such that r([pj]) = ^nl,oo(b^])) ^ = 1)2, To simplify notation, assume that ni = 1. Let Gq 
denote the subgroup of Ko(^) generated by V. Since Go is free abelian, there is a homomorphism 
r' ; Go ^ Ko(Gi) such that 

(*i,oo)*o o r' = TIgq. 

We may assume (since T* is a basis for Go) that 

r'(N) = bi], i = l,2,...,s. (4.21) 

Since the pair (TAfT) r|Ko(A)) is compatible, as a consequence of (I4.20p and (I4.2ip we have 

Ibi - 7 (k)IIoo < min{52,(53/2}, z = 1,2,...., s. (4.22) 


Write 

Cl = (bo,bi,QbQ0 = {(/,a) e C([0,1],Q'-)©Q' : f{0) = Ma) and f{l) = Ma)}, 

where ^ are unital homomorphisms. 

Denote by 

TTe : Gi —>■ Q*, (/, a) I—7> a 

the canonical quotient map, and hy j : Gi —?> C([0,1], Q^) the canonical map 

i((/,«)) = /) (/,a) G Gi ©Q. 

Denote by 7 * : T(Gi) —>■ T(A) the continuous affine map dual to 7 . Denote by 61 , 62 , the 
extreme tracial states of Gi factoring through TTe : Gi —>■ 

By the assumption T(74) = Tqd(A), there exists a unital ^-min{(5i/8, Js/Sj-multiplicative 
completely positive map ^ : A ^ such that 

|trj o $(a) — 7*(0j)(a)| < min{135i/32, 53 / 4 , (t/32}, aeQ, j = l,2,...,/, (4.23) 

where tr^ is the tracial state supported on the jth direct summand of Q^. Moreover, since V C G, 
as in m, we also have that 

|trj([4>(pi)]) - trj(4>(pi))| < < 53 / 4 , z = l,2,...,s, j = l,2,...,l. (4.24) 

Set 

D := (7re)*o(Ko(Gi)) = ker((V^o)*o - (bi)*o) ^ QK 
It follows from (j4.23p that 

|r(4'(a)) - (7re)Afr(7(a))('r)| < min{13(5i/32, 53 / 4 ,fj/32}, aeG, r G T{Q'‘), (4.25) 

where (vre)Aff : Aff(T(Gi)) —> Aff(T((5^)) is the map induced by Tie- By (I4.25P for a G P C f/, 
together with (I4.24p and ()4.22p . 

b([^(7'*)])-T'o (7re)*o or'(bi])| < (53, T G T((5^), z = l,2, ...,s. 
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Therefore, applying Lemma 13.41 with Vi = [<h(pj)] — (7re)*o o r'([pj]), we obtain Q- 61 / 8 - 


multiplicative completely positive maps : A Q\ with Si(1a) = /xi(1a) a projection, 

such that 

r(Si(lyi)) < min{(5i/32, cr/256}, r € T((5*), (4.26) 

[Si(P)]CD, and (4.27) 

Pi( 4 'i)] - [w(k)] = [^(Pi)] - (7re)*oor'([pi]), i = l,2, ...,s. (4.28) 

Consider the (unital) direct sum map 

$' := 4> © /ri : ^ ^ (1 © Si(1a))M 2(Q0(1 © Si(U)). (4.29) 

Note that like /ii and <1>, is multiplicative. It follows from (|4.28p that for each 

i = l,2,...,s, 

bPoi^'iPi))] = (V'o)*o([pi(Pi)] + [^’(Pi)]) = (V'o)*o(Pi(pi)] + i'^e)*o o r'([pi])) (4.30) 

and 

[V’i(4>'(pi))] = (V'i)*o([pi(Pi)] + [^(Pi)]) = (V’i)*o([Si(pO] + (7re)*o or'([pi])). (4.31) 

It follows from (|4.30l) and (I4.3ip . in view of (|4.27l) and the fact (use (|4.211) 1 that (7re)*o°r'([pi])) G 
(7re)*o(Ko(C'i)) = B, that [4>'(pi)] G D, i = 1, 2,..., s, i.e., 

['0o(4>'(pi))] = [V'i(4>'(Pi))], * = 1, 2,..., s. (4.32) 


Set B = C([0,1], Q*"), and (as before) write TTt : B ^ Q'" for the point evaluation at t G [0,1]. 
Since 1a & V, by ()4.27p . [Si(1a)] G D, and so there is a projection eo G i? such that 7ro(eo) = 
'0o(5Ii(1a)) and 7ri(eo) = V^iPSiPl^)). It then follows from p4.26p (applied just for r factoring 
through -00—alternatively, for r factoring through ipi) that 

r(eo) < min{(5i/32,(7/256}, r G T(i?). (4.33) 

Let j* : T{B) —>■ T(C'i) denote the continuous affine map dual to the canonical unital map 
} : Cl —)■ B. Let 71 : T(i?) —>■ T(A) be defined by 71 := 7* o j*, and let k : Gq ^ Kq{B) be 
dehned by k := j*o o T'. Then, by p4.21l) and (I4.22p . 

k(«^(bi])-7i(T)(pi)l = k(j*o(r'(bi])) - (7* o/)('r)(pi)| 

= \fir)m-7mifir))\<S2 (4.34) 

for all T G T(i?), i = 1, 2,..., k. 

The estimate (j4.34p ensures that we can apply Lemma [1]3] with k and 71 (note that r'([lA]) = 
[IcJ and hence ^([lyi]) = [1 _b]), to obtain a unital ^-hi/8-multiplicative completely positive map 
: A ^ B such that 

|r o 4''(a) — 7i(T)(a)| < min{hi/32, (7/256), aGQ, r G T(i?). (4.35) 

Amplifying T' slightly (by first identifying with Q'" <S) Q and then considering L7o(/)(i) = 
f{t) © (1 + eo{t)) for t G [0,1]), we obtain a unital ^-(5i/8-multiplicative completely positive map 
T : A —)■ (1 © eo)M2(i?)(l © eo) such that (by (j4.35p and (|4.33p l 

|r o'l'(a) — 7i(r)(a)| < 2min{(5i/32, (7/256) = min{(5i/16, (7/128). (4.36) 
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Note that for any element a € Ci 


r(?/^o(7re(a))) = r(7ro(j(a))) and T(V'i(vre(o))) = r(7ri(j(a))), t eT{Q''). (4.37) 

(Recall that j : Ci ^ B \s the canonical map.) Therefore (by (14.371) 1. for any a ^ Q and 

r G T(Q0, 


r(V'o(^(o)))-7(o)(ro7rooj)| = |r(V'o(^(a))) - 7(a)(r o-00 o tt^)! 

= |r o '0o($(a))) - (7re)Afr(7(a))(T o V'o)! 

< min{13(5i/32,a/32} I'bv (10^ 1. (4.38) 


The same argument shows that 


r(V'i(4>(a))) — 7 (a)(T o TTi o j)| < mm{13(5i/32, (7/32}, a^Q, r G T((5^). (4.39) 


Then, for any r € T{Q^) and any a € G, we have 


T o ipQ o ^'{a) — T o ttq o T(a)| 

= |t o 0 /ri(a)) — r o tto o 'I'(o)| 

< |t o ^^0(^(0) © 7ii(a)) - 7i(''' o 7ro)(a)| 0 min{(5i/16, (7/128} 

< |t o 'i/;o(^(a)) — 7i('r o 7ro)(o)| © min{3(5i/32, 3fT/256} 

= |t o ^o(^(a)) ~ ° Ti'o o j)| 0 min{35i/32,3(7/256} 

< mm{13(5i/32,o-/32} 0mm{3(5i/32, 3(7/256} 

< 13(5i/32 0 35i/32 = 5i/2 


(by (|4.36|)) 
(by g26])) 


(4.40) 

(by (USD). 


The same argument, using (I4.39|) instead of (I4.38j) . shows that 


r o o <l>'(a) — r o TTi o T(a)| < min{135i/32, (7/32} 0 min{35i/32, 3 ct/256} (4.41) 

< (5i/2, T € T{Q^), a eg. 


f ()4.40l) and (|4.41l) —the a estimates—will be used later to verify (|4.49l) and (|4.50l) .l 

Noting that T and are (5i/8-multiplicative on {1a,Pi,P2, by our convention (see 

(in])), we have, for all r G T((5^), 

\T{[^{Pi)])-r{^{pi))\ < 61/4 and |T([4>'(pi)]) - T(4>'(pi))| < (5i/4, z = l,2, ...,s. 

Combining these inequalities with (j4.40jl and (I4.4ip . we have 

|T([7ro o T(pi)]) - r([V’o o 4>'(pi)])| < (5i, i = 1,2,s, t € T{Q^). (4.42) 

Therefore (in view of (I4.42p l. applying Lemma [3.31 with = [ttq o T(pj)] — [i/jq o 4>'(pj)], we 
obtain ^-(5-multiplicative completely positive maps S 2 : A ^ and p 2 ■ A ^ Q^, taking 1a 
into projections, such that 


[V'fc O S2(1 a)] = [li2(lA)], A: = 0,1, (4.43) 

[S2(P)] C (7re)*o(Ko(Ci)) = D, z = l,2,...,s, (4.44) 

r(S2(lA)) < fT/64, T G T(Q0, (4-45) 

and, taking into account (I4.44p . 

[V'o o ^2{pi)] - [lJ‘2{Pi)] = [V’l o ^2{pi)] - [lJ-2{Pi)] = [vTo o T(pi)] - [V^o o ^'{Pi)], (4.46) 
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where i = 1,2,..., s. 

Consider the four ^-^-multiplicative direct sum maps (note that and 'h are Q-61/8- 
multiplicative, and (^1 < 85), from A to M3((5''), 

:= (V’o o ‘1*0 ® (V’o o S 2 ), = (-01 o $') © (V’l o S 2 ) and 

'I'o := (tto o'h) ©/i 2 , 'I'l := (vTi o'h) ©/i 2 . (4.47) 

We then have that for each i = 1,2,..., s, 

[^0(^)1 - [^0(^)1 = ([(vro o 4 ')(pi)] + [fJ‘2{Pi)]) - ([(V'o o ^')(Pi)] + [(V’o o 5 ] 2 )(pi)]) 

= ([(tto o 4 ')(pi)] - [(V’o o ^')(Pi)]) - ([(V’o o ^2){pi)] - [P2{pi)]) 

= 0 (by (|4.46p), 


and 


[^i(Pi)] - [^i(Pi)] 

= ([(tti o 4')(pi)] + [p2iPi)]) - ([(V’l o 4 '')(k)] + [(V’l o S2)(pi)]) 

= ([(tti o 4')(pi)] - [(V’l o 4>0(Pi)]) - ([(V’l o ^2){pi)] - [P2{pi)]) 

= ([(tto o 4')(pi)] - [(V’l o 4>')(Pi)]) - ([(V’l o '^ 2 ){pi)] - [p 2 {pi)]) (tto and tti are homotopic) 

= ([(tto o 4')(pi)] - [(V’o o ^O(Pi)]) - ([(V’l o S2)(7»i)] - [h2(7»i)]) = 0 (by (|4.32|)) 

= 0 (by (I4.46P ). 

Note also that, by construction, 

4'i(lA) = 4»i(lA) = 1 © vii(eo), i = 0,1. 

Summarizing the calculations in the preceding paragraph, we have 

[^i]\v = ['^^]\p, i = 0,l. (4.48) 

On the other hand, for any a ^ F and any r G ©(Q'’), we have 

|t(4>o(o)) - T(4'o(a))| = |r((V’o o ^0(«) ® (V’o o 5]2)(a)) - T((7ro o 4')(a) © ^ 2 (a))| 

< |r((V’o o ^0(«)) - "^((t^o o 4')(a))| + fj/32 (by (|4.45l) l 

< min{13(5i/16, (t/ 32} + min{3(5i/16, 3 (t/256} + (t/ 32 Ibv (I4.40p l 

< 5a/64. (4.49) 

The same argument, using (j4.4ip instead of (I4.40p . also shows that 

|T(<f>i(a)) — T('I'i(a))| < 5 (t/64, a^F, r G ©(Q^). (4.50) 

Since 1a G V, by (I4.44p . [S2(1 a)] £ and so there is a projection ei € B such that 
7io(ei) = V’o(^2(1a)) and vri(ei) = V’i(512(1a))- It then follows from (I4.45h (applied just for r 
factoring through V’o—alternatively, for r factoring through V’l) that 

r(ei) < cr/64, r G T(i?). (4.51) 

Set Eq = 1 (B 7ro(eo) © 7io(ei), £■( = 1 © vri(eo) © 7ri(ei), and Dq = E'(^M 2 {Q^)Eq, Di = 
E[M2{QnE[. 

Pick a sufficiently small r' G (0,1 /4) that 

||4'(<i)((l + 2r')( - r') - <P(a)(i)|| < <r/64, o € S. i € ('‘■’>2) 
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It follows from Lemma [4.2l fin view of ()4.48p . (|4.49p and (|4.50p l that there exist unitaries uq € 
Do and ui G Di, and unital J^-e-multiplicative completely positive maps Lq '■ A ^ C([—r', 0], Dq) 
and Li : A ^ C([l, 1 + r'], Di), such that 


Tr_r' O Lq = 4>o, TTo O Lq = Ad Uq O 4'o, (4.53) 

° Li = TTi o Li = Adul o'hi, (4.54) 

|r o TTi o Lo(a) — r o TTo o Lo(a)| < 5 (t/32, tG[—r',0], (4.55) 

\t o TTto Li{a) — r o TTi o Li(a)| < 5 ct/ 32, t £ [1,1 + /], (4.56) 


where a G F, t G T((5’’), and (as before) is the point evaluation at t £ [—r', 1 + r']. 

Write £'3 = l©eo©ei £ M3(C([0, 1 ],( 5 ^)) and Bi = £3(M3(C([0, l],Q^)))Eo. There exists a 
unitary u G Bi such that u( 0 ) = uq and tt(l) = ui. Consider the projection £4 £ M3(C([—r', 1 + 
r'],Q^)) defined by £4|[_r,o] = = -^3 and £4|[i,i+r] = E[. Set 

£2 = £ 4 (M 3 (C([-r', 1 + rlQ^)))E^. 

Dehne a unital £-e-multiplicative (note that T GL Q and 6 < e) completely positive map L' : 
A —> £2 by 

f Eo(a)(t), tG[-r', 0 ), 

L'{a){t)=< Adu(t) o (tti o T ©/i 2 )(a), t£[0,1], (4-57) 

[ Li{a){t) t £ (1,1 + r']. 

Note that for any a G G, and any r £ T{Q'^), by (I4.57p . if t £ [0,1], then 

|r(7rt(L'(a))) -7i«(T))(a)| 

= |r(Adu(t) o (ttioT © /i 2 )(o)) - 7iK*('r))(a)| 

= |r(7ri(T(a))) +r(^ 2 (a)) -7iK(r))(a)| 

< l(7rt*('r))(4'(a)))- 7 i«(r))(a)|+CJ/64 (by (|4.43p and (|4.45p) 

< min{5i/16, cj/128} + (t/64 < 3cr/128 Ibv (j4.36p l. (4.58) 


where vr^ : T{Q'^) —>• T(£) is the dual of : £ —)• . Furthermore, if t £ [—r',0], then for any 

a G F, and any r £ T((5^), 


r(7rt(L'(a))) -7i(7r^(r))(a)| 

= k(7^o(a)(t))-7iK(r))(a)| 

< k(7^o(a)(0)) - 7i(7ro(r))(a)| + 5cr/32 

= k(4'o(a)) - 7 iK(r))(a)| + 5 cj/32 

= |r((7ro o T)(a) ©/i2(a)) - 7i(7rS('r))(a)| + 5 cj/32 

< |r((7ro o T)(a) - 7i(7ro('r))(a)| + 0-/64 + 5cr/32 

< min{<5i/16, cj/128} + 0-/64 + 5o-/32 < 23 cj/128 


(by ( | 4.55p ) 

(by gSl) 

(by (j4.43p and (j4.45l) ) 

(by (lOHIi l. (4.59) 


Again, if t £ [1,1 + r'], then the same argument shows that for any a G F, and any r £ T(Q^), 


T{Trt{L'{a))) - 7i(7ri(r))(a)| < 23o-/128. 


(4.60) 


Let us modify L' to a unital map from A to £. First, let us renormalize L'. Consider the 
isomorphism r/ : ^ Q'’ defined by 


rj{xi,X 2 , ...,Xr) = ( , ^ xi, 77 - 7 * 777 ^ 2 ,. 


1 


Ari(£3) ’tr2(£3) ’'"’^^(£ 3 ) 


Xj.), 
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for all {xi,X 2 -i ...jXr) G where (as before) tr^ is the tracial state supported on the fcth direct 
summand of . Then there is a (unital) isomorphism ip : B 2 —> C([—r', 1 + r'], such that 
^*0 = V- Let us replace the map L' by the map p o L', and still denote it by L'. Note that it 
follows from (14.5811 . (l4.3.Sjl . and (j4.5ip that for any t G [0,1], any a € T, and any r G T(Q'’), 

|r(7rt(L'(a))) -7i(7r;(r))(a)| 

< cr/16 + r(eo) + r(ei) 

< 3cj/128 + min{<5i/16, c7/64} + cj/64 < 7 cj/128. (4.61) 


The same argument, using (j4.59l) and (I4.6U|) instead of (I4.58|) . shows that for any a £ T, 


r(7rf(L'(a))) - 7i(7ro(r))(a)| < 27cr/128, tG[-r',0], (4.62) 

r(7ri(L'(a))) - 7i(7ri(r))(a)| < 27cr/128, tG[l,l + r']. (4.63) 


Now, put 

L'\a){t) = L'{a){{l + 2r')t-r'), tG[0,l]. (4.64) 

This perturbation will not change the trace very much, as for any a £ J- and any r G T(Q^), if 
t £ [0, r'/(1 + 2r')], then 


r(L"(a)(t))-T(L'(a)(t))| 

= |r(L'(a)((l + 2r')t-r'))-r(L'(a)(t))| 

= k(Lo(o)((l + 2r')t - r')) - (T(T(a)(t)) + P2{a))\ 

< |r(Lo(a)((l + 2r')t - r')) - r(4'(a)(t))| + cr/64 

< |t(Lo(o)(0)) - T('I'(a)(t))| + 5cj/32 + cj/64 

= k(^o(«)(0)) - r(4'(a)(t))| + llcr/64 

< cj/64 + llcr/64 = 3 (t/16 


(by (|4.64p) 

(by (I4.43P ') and (j4.45l) 
(by (jisnp) 

(by drap) 

(by (I4.43p i and (14.451) . 


Furthermore, the same argument, now using (j4.56p and (j4.54p . shows that for any a £ J-, 
T £ T{Q^), and t G [(1 + r')/(l + 2r'), 1], 

|r(Lo(a)((l + 2r')t - r')) - (r(4'(a)(t)) + // 2 (a))| < 3cr/16, 


and, if t G [r'/(l + 2r'), (1 + r')/(l + 2r')], then 

|T(L'(a)((l + 2r')t - r')) - r{L'{a){t))\ = |r(T(a)((l + 2r')t - r') - T(a)(t))| 

< cj/64 (by (imH b 

Thus, 

|r(L"(o)(t)) — r(L'(a)(t))| < 3cr/16, a £ t£T{Q^), tG[0,1]. (4.65) 

Hence, 

|r(7rt(L"(a))) - 7i(7ri*(r))(a)| 

< |r(L"(a)(t)) -r(L'(a)(t))| + |r(L'(a)(t)) - 7 i(vr/(r))(a)| 

< 3cj/16 + 27cj/128 = 51cr/128 (by (1051) . (OTT) . (O^ . and (031) 1. (4.66) 


Note that L" is a unital map from A to B. It is also J-'-e-multiphcative, since L' is. 
Consider the order isomorphism rj' : ^ defined by 

v'{yuy2,-,yi) = {aiyi,a2y2,-,aiyi), {yi,y2, ...,yi) £ Q', 
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where 


tti = 


tr,(l © Si(1a) © S 2 ( 1 a))’ 


j = 1,2,...,/, 


(4.67) 


and (as before) trj is the tracial state supported on the jth. direct summand of QK There exists 
a unital homomorphism (p : (1 © Si(1a) © S 2 ( 1 a))M 3 (Q ^)(1 © Si(1a) © ^ 2 ( 1 ^)) such that 


^*0 = 11 ■ 


Therefore, by the constructions of L", L', Lq, and Li ( (14.641) . (I4.57p . (I4.53p . and (I4.54p h we may 
assume that 


ipo o ip o ($' © S 2 ) = VTo o L" and -i/ji o ip o ($' © S 2 ) = vri o L", (4.68) 

replacing L" by Ad w o L" for a suitable unitary w if necessary. 

Define L : A —>■ Ci by L(o) = {L"[a), ip{^'{a) © ^ 2 ( 0 ))), an element of Ci by ()4.68p . Since 

L" and (p o (<h' © S 2 ) are unital and J-'-e-multiplicative (since and S 2 are t/-(5-multiplicative, 

F d Q, and 5 < e), so also is L. 

Moreover, for any a ^ T^ any r G T(Q^), and any t G (0,1), it follows from (I4.66p that 


|r(7rt(L(a))) - 7i(7rt*(T))(a)| < 51fT/128. (4.69) 

If T G T(Q^), then, for any a G T”, 


T(7re(L(a))) -7*(7r*(T))(a)| 

= k(<,?(^'(a) © ^2ia))) - 7*«(T))(a)l 

< |r(4>'(a) © S2(a)) - 7*«(T))(a)| + cr/32 

< k(^'(o))-7*«(T))(a)|+3fT/64 

< ^(^(a))-7*«(T))(a)l+f^/8 

< 0-/32 + 0-/8 < 510-/128 


(by (ITHTl) . (03]) and (ITOl i 
(by ( | 4.45 | ) ) 

(by g26])) 

(by dOi). 


Since each extreme trace of Ci factors through either the evaluation map vr^ or the canonical 
quotient map vTe, by (|4.69l) . 

|r(L(a)) - 7*(t)(o)| < 51^/128, r G T((Ti), a G T. (4.70) 

Therefore, for any a G T and r G T(C'), we have 
k(^l,oo(7v(o))) - rAfr(a)(r)| 

< |r(^l,oo(A(a))) - 7*(*i,oo(T))(a)| + |7*(T,oo('r))(a) - rAff(a)(T)| 

= |'^(^l,oo(7v(o))) - 7*(n,oo(T))(a)| + |(^l,oo)Af^(o)(T) - rAfr(a)(r)| 

< 510-/128 + 77a/128 = cT. (bv (OOl) and (OOll i 


Since J-, e, and a are arbitrary, in this way we obtain a sequence of unital completely positive 
maps Hn : A —)• C such that 


lim \\Hn{ah) 
n—^oo 


Hn{a)Hn{b)\\ = 0, a,bGA, 


and 


lim sup{|ro 

n—>-oo 


F„(a)-rAff(a)(r)| :tGT(C')} = 0, 


CL G A. 


It follows from Lemma 3.4 of [22] (which used results obtained in [25] and |32] 1 that gTR(A©(5) < 
1. Since A = A © Q, A is ©-stable and therefore it is in A//. □ 
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Theorem o follows from the following corollary. 

Corollary 4.5. Let A he a unital simple separable C*-algebra with finite decomposition rank, 
satisfying the UCT. Then gTR(^ ® Q) <1. In particular, A is classifiable. 

Proof. Since A has finite decomposition rank, A is nuclear (see I2.10p and quasidiagonal (5.3 of 
[19]). It follows from 2.4 of [30] that T(74) 0. By 8.5 of [3], T(^) = Tq(j(^). Now the corollary 

follows from Theorem 14.41 together with Theorem 12.71 □ 

Remark 4.6. It was shown in [T2| that any unital simple separable Jiang-Su stable approxi¬ 
mately subhomogeneous C*-algebra has decomposition rank at most 2. Therefore, it follows from 
Corollary 14.51 that such a C*-algebra is classifiable. This in particular recovers the classification 
theorem of m- 

Remark 4.7. The special case of Corollary 14.51 for C*-algebras with unique trace follows from 
the results of the earlier papers [24] and [23] . 

Theorem 14.41 and Corollary 14.51 can also be combined and stated as follows: 

Theorem 4.8. Let A be a unital simple separable amenable (non-zero) C*-algebra which satisfies 
the UCT. Then the following properties for A0Q are equivalent: 

(1) gTR(kl®g)<l; 

(2) A0 Q has finite nuclear dimension and T{A 0 Q) = Tqd(^ 0 Q) 0; 

(3) the decomposition rank of A0 Q is finite. 

Given the fact that every tracial state of a unital simple separable C*-algebra with finite 
decomposition rank is quasidiagonal (8.5 of [3|), it is reasonable to expect that every tracial state 
of a finite unital simple separable C*-algebra with finite nuclear dimension is also quasidiagonal. 
Indeed, shortly after the present paper was first announced (and posted on arXiv), Tikuisis, 
White, and Winter proved that, in fact, every tracial state on a unital simple separable amenable 
C*-algebra which satisfies the UCT is quasidiagonal f|29]l. Therefore, we have the following 
statement: 

Theorem 4.9. Let A be a finite unital simple separable C*-algebra with finite nuclear dimension 
which satisfies the UCT. Then gTR(74 G Q) < 1. In particular, A is classifiable. 

Remark 4.10. It was established by Kirchberg and Phillips ([l8] and [26]) that purely infinite 
unital simple separable amenable C*-algebras which satisfy the UCT are classifiable. It has 
been shown that these C*-algebras have finite nuclear dimension (see [21] )• R is also known that 
every unital simple separable C*-algebra with hnite nuclear dimension is either finite or purely 
infinite (see m and m)- Therefore, Theorem 14.91 can now be combined with m and [26] to 
obtain the following overall statement. 

Corollary 4.11. The class of all unital simple separable (non-elementary) C*-algebras with 
finite nuclear dimension which satisfy the UCT is classifiable by the Elliott invariant. 

Remark 4.12. It remains open whether every separable amenable C*-algebra satisfies the UCT. 
Bypassing the UCT, we would propose the following questions: 

(i) Do Theorem 14.81 and Corollary 14.111 hold without assuming the UCT? 

(ii) Let A be a stably finite unital simple separable amenable C*-algebra. Is it true that 
gTR(kl ® Q) < 1? 

Questions (i) and (ii) are perhaps quite ambitious at the moment. A more realistic question 
might be the following: 

(iii) Let A be a stably finite unital simple separable amenable C*-algebra. Is it true that 
if A is quasidiagonal then gTR(A 0 Q) < 11 (Note that the converse holds (see 9.8 and 9.9 of 

m)-) 
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